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5IBOLT�GPS�UIF�PQQPSUVOJUZ�UP�DPNNFOU�PO�UIJT�HVJEBODF�

:PVS�HVJEBODF�XBT� JOUFSOBMMZ� GPSXBSEFE� UP�B�3PDIF�FYQFSU�HSPVQ�GPS�FMFDUSPOJD�SFDPSET�BOE
TJHOBUVSFT�GPS�DPNNFOUT��5IJT�FYQFSU�HSPVQ�IBT�SPVHIMZ����NFNCFST�GSPN�WBSJPVT�DPVOUSJFT�
1MFBTF�GJOE�FODMPTFE�UIF�DPOTPMJEBUFE�DPNNFOUT�GSPN�UIJT�HSPVQ�

8F�XPVME� TVHHFTU� UIBU� UIJT� JNQPSUBOU� HVJEBODF� JT� BMTP� VTFE� UP� DMBSJGZ� VOEFS� XIBU� DJSDVN�
TUBODFT� UIF� UZQFXSJUFS� SVMF� DPVME� CF� BQQMJFE�� 8F� CFMJFWF� UIBU� UIJT� XPVME� CF� WFSZ� IFMQGVM

CFDBVTF�XF�BSF�IBWJOH�MPUT�PG�EJGGFSFOU�VOEFSTUBOEJOH�BCPVU�UIF�SFTQFDUJWF�DPNNFOU����PG�UIF
QSFBNCMF�PG����$'3�1BSU����BOE�XIFO�IBWJOH�B�MPPL�BU�UIF�WBSJPVT�EJTDVTTJPO�GPSVNT�XF�GJOE
UIBU�OPCPEZ�JT�SFBMMZ�TVSF�IPX�UP�JOUFSQSFU�JU�

5IF� DBTF� JT� DMFBS� JG� BO� FMFDUSPOJD� SFDPSE� JT� OFWFS� QSJOUFE� PVU� BOE� TJHOFE� FMFDUSPOJDBMMZ�� 5IF
FMFDUSPOJD� SFDPSE� SFQSFTFOUT� UIFO� UIF� NBTUFS� EBUB� JO� UIFTF� DBTFT�� *G� BO� FMFDUSPOJD� SFDPSE� JT
QSJOUFE�XF�TIPVME�EJTUJOHVJTI�CFUXFFO�B�IBSEDPQZ�UIBU�XBT�NBEF�GPS�UIF�POMZ�SFBTPO�UP�TJHO
PS�B�IBSEDPQZ� UIBU�XBT�NBEF� UP�VTF�BT�B� GPSN�TIFFU� UP� GJMM� JO� UIF� JOGPSNBUJPO��5IF�QSJOUJOH
QSPDFTT�DPVME�CF�OBNFE�BT�USBOTGPSNBUJPO
�CFDBVTF�JU�USBOTGPSNT�FMFDUSPOJD�JOGPSNBUJPO�UP�B
QBQFS�SFDPSE�

"VYJMJBSZ�USBOTGPSNBUJPO�JT�VTFE�GPS�TZTUFNT�OPU�ZFU�DBQBCMF�UP�XFBS�FMFDUSPOJD�TJHOBUVSFT��"O
FYBNQMFT�XPVME�CF�BO�&MFDUSPOJD�#BUDI�3FDPSEJOH� 	&#3
�4ZTUFN
�XIFSF� UIF� GJOBM� TJHOBUVSFT
BSF�QFSGPSNFE�BT�IBOEXSJUUFO�TJHOBUVSFT�PO�FMFDUSPOJD�SFDPSET��5IF�EBUB�SFTJEFT�PO�UIF�TZTUFN
BOE�JT�VTFE�GSPN�UIFJS�UP�EP�GVSUIFS�QSPDFTTJOH��5IPVHI�UIF�FMFDUSPOJD�SFDPSET�SFQSFTFOU�UIF
NBTUFS�EBUB�

0OF�XBZ�USBOTGPSNBUJPO�JT�VTFE�UP�QSJOU�UFNQMBUFT�PS�GPSNT�UIBU�BSF�OFDFTTBSZ�GPS�EPDVNFO�
UBUJPO� UIBU� OFFET� UP� CF� SFDPSEFE� JNNFEJBUFMZ�� 4VDI� GPSNT� XJUI� IBOEXSJUUFO� FOUSJFT� BSF
BGUFSXBSET�UIF�SFDPSET�UIBU�TIPVME�CF�BSDIJWFE�BOE�LFQU�BT�QBSU�PG�UIF�(.1�EPDVNFOUBUJPO�
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Auxilliary Transformation

 One Way Transformation

*O�FTTFODF�UIF�NBTUFS�TIPVME�HVJEF�UIF�BSDIJWJOH�BOE�NBJOUFOBODF�QSBDUJDF��*G�UIF�NBTUFS�JT�UIF
GJMMFE�JO�GPSN
�UIF�GJMMFE�JO�GPSN�OFFET�UP�CF�LFQU��*G�UIF�NBTUFS�JT�UIF�FMFDUSPOJD�SFDPSE
�CFDBVTF
JU�JT�BGUFSXBSET�VTFE�GPS�GVSUIFS�QSPDFTTJOH�UIFO�UIF�BVYJMJBSZ�USBOTGPSNBUJPO�UP�UIF�QBQFS�IFMQT
POMZ�BT�B�UPPM�UP�BQQMZ�UIF�TJHOBUVSF�

�� $IBQUFS�����"QQMJDBCJMJUZ�	Q�

$VSSFOU� ESBGU�� �� .PTU� QSFEJDBUF� SVMFT� BSF� DPOUBJOFE� JO� 5JUMF� ��� PG� UIF� $PEF� PG� 'FEFSBM
3FHVMBUJPOT��
4VHHFTUFE�UFYU����1SFEJDBUF�SVMFT�BSF�DPOUBJOFE�JO�5JUMF����PG�UIF�$PEF�PG�'FEFSBM�3FHVMBUJPOT��
3FBTPO�� "MM� QSFEJDBUF� SVMFT� BQQMJDBCMF� GPS� (Y1� BSF� JO� 5JUMF� ���� 0UIFS� SVMFT� F�H�� GJOBODF
SFQPSUJOH�TIPVME�OPU�CFDPNF�SFMFWBOU�GPS���$'3���
$PNNFOU��5IF�TDPQF�CFDPNFT�DMFBSFS�� *G�PUIFS�SVMFT� TIPVME�BMTP�CF�SFMFWBOU
� JU�XPVME�CF�PG
IFMQ�GPS�UIF�JOEVTUSZ�UP�LOPX�XIJDI�POFT�BSF�NFBOU�FYQMJDJUMZ�

�� $IBQUFS�����8IBU�%PFT�1BSU����3FRVJSF �	Q�

$VSSFOU�ESBGU���)FSF�BSF�TPNF�FYBNQMFT��
4VHHFTUFE�UFYU����)FSF�BSF�UIF�NPTU�JNQPSUBOU�SFRVJSFNFOUT�
3FBTPO��5IF�MJNJUBUJPO�UP�UIF�NPTU�JNQPSUBOU�SFRVJSFNFOUT�TIPXT�UIBU�JG�PUIFS�SFRVJSFNFOUT
BSF�OPU�GVMGJMMFE�B�QSPDFEVSBM�TPMVUJPO�XPVME�CF�BDDFQUBCMF�
$PNNFOU�� 4PNF� DPNNFSDJBM� XJEFMZ� VTFE� TZTUFNT� IBWF� TPNFUJNFT� EJGGJDVMUJFT� UP� SFBDI
DPNQMJBODF�
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�

�� $IBQUFS�����8IBU�%PFT�1BSU����3FRVJSF �	Q�

$VSSFOU�ESBGU��3FGFSFODF�UP�������BOE������
4VHHFTUFE�UFYU��-FBWF�BXBZ�UIFTF�SFGFSFODFT
3FBTPO��&MFDUSPOJD�3FDPSE�.BJOUFOBODF�JT�POMZ�PQUJPOBMMZ�SFMBUFE�UP�TJHOBUVSFT
$PNNFOU�� *O� UIF� DBTF� PG� IBOEXSJUUFO� TJHOBUVSFT� UP� FMFDUSPOJD� SFDPSET� B� UIF� SFDPSE� JT
USBOTGPSNFE�GSPN�FMFDUSPOJD�UP�QBQFS�CBTFE��*O�UIJT�DBTF�UIFSF�BSF�UXP�QPTTJCJMJUJFT��&JUIFS�UIF
QBQFS� SFDPSE�CFDPNFT� UIF�NBTUFS�PS� UIF� FMFDUSPOJD� SFDPSE�CFDPNFT� UIF�NBTUFS�� *G� UIF� QBQFS
SFDPSE�JT�UIF�NBTUFS
�UIF�QBQFS�SFDPSE�TIPVME�CF�NBOEBUFE�UP�CF�LFQU��*G�XF�IBWF�B�WBMJEBUJPO
QSPUPDPM
� UIF�FOUSZ�PG�IBOEXSJUUFO�SFDPSET�DIBOHFT� UIF�WBMJEBUJPO�QSPUPDPM� UP�B�IBOEXSJUUFO
SFDPSE��*G�PO�UIF�PUIFS�IBOE�B�SFDPSE�JT�TJHOFE�CZ�IBOE�CVU�UIF�NBTUFS�EBUB�SFTJEFT�JO�B�TZTUFN

F�H�� B� MBC�XPSLTIFFU� JT� TJHOFE�PG�CVU� UIF�EBUB� JT�OPU� UBLFO� GSPN� UIF�XPSLTIFFU�CVU� GSPN� UIF
NFNPSZ�PG�UIF�TZTUFN�UIFO�UIF�FMFDUSPOJD�SFDPSE�BOE�UIF�IBOEXSJUUFO�SFDPSE�OFFE�UP�CF�LFQU�

�� $IBQUFS�����$POUJOVFE�"WBJMBCJMJUZ�"OE�3FBEBCJMJUZ�0G�&MFDUSPOJD�3FDPSE�*OGPSNBUJPO�4IPVME
#F�&OTVSFE�	Q��

$VSSFOU�ESBGU��:PV�TIPVME�QFSJPEJDBMMZ�BDDFTT�B�SFQSFTFOUBUJWF�OVNCFS�PG�FMFDUSPOJD�SFDPSET�UP
FOTVSF�UIBU�SFDPSE�DPOUFOUT�DBO�TUJMM�CF�SFBE�BOE�FWBMVBUFE�UISPVHIPVU�UIF�SFDPSET�SFUFOUJPO
QFSJPE�
4VHHFTUFE�UFYU��:PV�TIPVME�GPMMPX�UIF�JOTUSVDUJPOT�PG�UIF�TUPSBHF�EFWJDF�WFOEPS�UP�FOTVSF�UIBU
SFDPSE�DPOUFOUT�DBO�TUJMM�CF�SFBE�BOE�FWBMVBUFE�UISPVHIPVU�UIF�SFDPSET�SFUFOUJPO�QFSJPE�
3FBTPO��*U�JT�TDJFOUJGJDBMMZ�OPU�QPTTJCMF�UP�SFMZ�PO�B�QFSJPE�PS�B�OVNCFS�PG�SFDPSET�UP�DIFDL�JG
UIFZ�BSF�TUJMM�SFBEBCMF�
$PNNFOU��*U�EPFT�OPU�NBLF�TDJFOUJGJD�TUBUJTUJDBM�TFOTF�UP�UBLF�B�TNBMM�TBNQMF
�CFDBVTF
JOGPSNBUJPO�NVTU�CF������QSFTFOU�PS�UIFSF�JT�UIF�SJTL�UIBU�FWFSZUIJOH�CFDPNFT�VOVTBCMF��4VDI
UFTUJOH�JT�OPU�SFQSFTFOUBUJWF�CZ�OP�NFBOT��5IF�TDJFOUJGJD�FWBMVBUJPO�PG�EVSBCJMJUZ�TIPVME�CF�BU
UIF�WFOEPST�XIP�TQFDJGJFT�UIF�TUPSBHF�EFWJDF��*O�BEEJUJPO�IBOEMJOH�PG�TUPSBHF�EFWJDFT�MJLF�$%�
30.�CFBST�UIF�SJTL�UIBU�UIFTF�BSF�EBNBHFE�EVSJOH�IBOEMJOH
�F�H��GBMM�PO�UIF�GMPPS�BOE�DSBDL�
'SFRVFOU�IBOEMJOH�PG�NBHOFUJD�UBQFT�CFBST�BMTP�UIF�SJTL�PG�BHJOH
�MPTT�BOE�NFDIBOJDBM
EFTUSVDUJPO�

�� $IBQUFS�����5IF�"CJMJUZ�5P�1SPDFTT�"O�&MFDUSPOJD�3FDPSE�T�*OGPSNBUJPO�5ISPVHIPVU�*UT�3FDPSET
3FUFOUJPO�1FSJPE�4IPVME�#F�1SFTFSWFE��	Q���

$VSSFOU� ESBGU�� 5IF� "CJMJUZ� 5P� 1SPDFTT� "O� &MFDUSPOJD� 3FDPSE�T� *OGPSNBUJPO� 5ISPVHIPVU� *UT
3FDPSET�3FUFOUJPO�1FSJPE�4IPVME�#F�1SFTFSWFE
4VHHFTUFE� UFYU��"O�&MFDUSPOJD�3FDPSE� TIPVME�CF� SFBEBCMF� UISPVHIPVU� *UT� 3FDPSET�3FUFOUJPO
1FSJPE
3FBTPO��5IF�QSFTFSWBUJPO�PG� GVODUJPOBMJUZ� JT� TPNFUJNFT� JMMVTJPO��)BSEXBSF�NBZ�CSFBL�EPXO
BOE�TVDDFFEJOH�TZTUFNT�XJUI�NVDI�CFUUFS�GVODUJPOBMJUZ�NBZ�IBWF�UBLFO�PWFS�UIF�UBTL�PG�UIF�PME
FRVJQNFOU�
$PNNFOU�� *O� FYDFQUJPOBM� DBTFT� UIF� EBUB� OFFET� UP� CF� EFGJOFE� GPS�(.1�$SJUJDBM� EBUB�� &�H�� JU
TIPVME�CF�QPTTJCMF�UP�HFOFSBUF�B�SFDBMM�MJTU�

�� $IBQUFS�����5IF�5JNF�$BQTVMF�"QQSPBDI�	Q���

$PNNFOU�� 6OGPSUVOBUFMZ� TPNF� TPGUXBSF� TVQQMJFST� TBZ� UIBU� UIFSF� JT� OP�NPSF� TVQQPSU� GPS� B
TZTUFN�BGUFS�B�DFSUBJO�EBZ��*U�XPVME�CF�GJOF�UP�TFF�JO�UIJT�HVJEBODF�UIBU�TVDI�PVUEBUFE�TZTUFNT
TUJMM�DBO�CF�VTFE�FWFO�UIPVHI�UIF�TVQQMJFS�EFOJFT�BOZ�TVQQPSU�

�� $IBQUFS���������6OBWPJEBCMF�%JGGFSFODFT�"OE�-PTTFT�4IPVME�#F�"DDPVOUFE�'PS�BOE�&YQMBJOFE
*O�5IF�.JHSBUFE�&MFDUSPOJD�3FDPSE�0S�/FX�4ZTUFN�%PDVNFOUBUJPO�	Q���

$VSSFOU�ESBGU�� +VTU�QSJPS�UP�QFSGPSNJOH�UIF�FMFDUSPOJD�SFDPSE�NJHSBUJPO�B�USVTUFE�UIJSE�QBSUZ
GSPN�PVUTJEF�PG�UIF�PSHBOJ[BUJPO�UIBU�IBT�TPNF�SFTQPOTJCJMJUZ�GPS�UIF�FMFDUSPOJD�SFDPSE�WFSJGJFT
UIF�EJHJUBM�TJHOBUVSF�VTJOH�UIF�PME�TZTUFN�NFUIPET�
4VHHFTUFE�UFYU��+VTU�QSJPS�UP�QFSGPSNJOH�UIF�FMFDUSPOJD�SFDPSE�NJHSBUJPO�UIF�EJHJUBM�TJHOBUVSFT



�

BSF�WFSJGJFE�VTJOH�UIF�PME�TZTUFN�NFUIPET�
3FBTPO�� "T� UIF� QIBSNBDFVUJDBM� DPNQBOZ� IBT� UIF� VMUJNBUF� SFTQPOTJCJMJUZ� TVDI� B� NJHSBUJPO
DPVME�BMTP�CF�EPOF�JO�IPVTF�
$PNNFOU��5IFSF�XJMM�CF�UPPMT�BWBJMBCMF�UIBU�BSF�EPJOH�TVDI�NJHSBUJPOT�CFUUFS�UIBU�B��5SVTUFE
5IJSE�1BSUZ���*U�JT�OPU�EFGJOFE�XIBU�TVDI�B�UIJSE�QBSUZ�JT�

�� $IBQUFS���������&MFDUSPOJD�3FDPSE�*OUFHSJUZ�"UUSJCVUFT�4IPVME�CF�QSFTFSWFE�	Q��

$VSSFOU� ESBGU�� ��� l8IFSF� B� NJHSBUJPO
� JO� FGGFDU
� DSFBUFT� B� OFX� FMFDUSPOJD� SFDPSE� 	CZ
USBOTGPSNJOH� UIF� PME� FMFDUSPOJD� SFDPSE
� UIFO
� QFS� TFDUJPO� �����	F

� UIF� BVEJU� USBJM� GPS� UIF
NJHSBUFE�FMFDUSPOJD�SFDPSE�XPVME�IBWF�UP�DPWFS�UIJT�DSFBUJPOm�
4VHHFTUFE� UFYU�� � BEE�� �5IF� BVEJU� USBJM� TUJMM� OFFET� POMZ� UP� SFDPSE� PQFSBUPS� BDUJPOT� BOE� OPU
NBDIJOF�FOUSJFT�	������F

3FBTPO��*G�UIJT�JT�UIF�DBTF�XIFOFWFS�XF�NJHSBUF�UIF�%BUBCBTF�WFSTJPO�XF�DPVME�VOEFSTUBOE�XF
BSF�DSFBUJOH�OFX�FMFDUSPOJD�SFDPSE��-FUT�UIJOL�BCPVU�B�-*.4�PS�&31
�XF�DPVME�UIFSFGPSF�CFMJFWF
UIBU� XJUI� BO� EBUBCBTF� WFSTJPO� VQHSBEF� XF� BSF� DSFBUJOH� OFX� NBTUFS� CBUDI� SFDPSET
� CJMMT� PG
NBUFSJBM
�JUFNT
�FUD��"OE�UIFSFGPSF�XF�TIPVME�JODMVEF�JO�UIF�BVEJU�USBJM�PG�FBDI�CBUDI
�JUFN�PG�B
CJMM�PG�NBUFSJBM�
�FUD���BO�FOUSZ�USBDJOH�UIBU�UIF�SFDPSE�XBT�VQEBUFE�EVF�UP�BO�EBUBCBTF�WFSTJPO
VQHSBEF�
$PNNFOU�� 5IJT� QBSBHSBQI� IBT� UP� CF� DBSFGVMMZ� SFWJTFE
� CFDBVTF� B� WFSTJPO� VQHSBEF� JT� OPU
OFDFTTBSJMZ� DIBOHJOH� UIF� DPOUFOU� PG� UIF� BMSFBEZ� DSFBUFE� SFDPSE
� BOE� UIFSFGPSF� XF� BSF� OPU
DSFBUJOH�B�OFX�SFDPSE��0OF� TIPVME�EJTUJOHVJTI� B� TZTUFN�NJHSBUJPO� 	GPS� JOTUBODF�NPWF� GSPN
POF�&31�UP�BOPUIFS�&31
�GSPN�B�OPSNBM�TZTUFN�VQHSBEF��.BJOUBJOJOH�SFDPSET�IBT�NPSF�UIBO
UIF�UXP�QPMFT�CMBDL�	5IF�UJNF�DBQTVMF�BQQSPBDI
�XIJDI�JT�JNQPTTJCMF
�BOE�XIJUF�	UIF�SFDPSE
NJHSBUJPO�BQQSPBDI
��5IJT�JT�UP�FOBCMF�TPNF��HSBZ�BSFB��CVU�LFFQJOH�UIF�JOUFOUJPO�UP�DPNQMZ
XJUI�UIF�QSFEJDBUF�SVMF�

�� $IBQUFS���������6OBWPJEBCMF�%JGGFSFODFT�"OE�-PTTFT�4IPVME�#F�"DDPVOUFE�'PS�BOE�&YQMBJOFE
*O�5IF�.JHSBUFE�&MFDUSPOJD�3FDPSE�0S�/FX�4ZTUFN�%PDVNFOUBUJPO�	1���

$VSSFOU�ESBGU���USVTUFE�UIJSE�QBSUZ�
4VHHFTUFE�UFYU��3FNPWF�UIJT�UFSN
3FBTPO��5IF�UFSN��IBT�TPNF�SFTQPOTJCJMJUZ��JT�VODMFBS
$PNNFOU��5SVTUFE�UIJSE�QBSUJFT�BSF�OPU�EFGJOFE�

��� $IBQUFS������,FFQJOH�QSJOUFE�IBSEDPQJFT�JO�FYDFQUJPOBM�DBTFT�
$VSSFOU�ESBGU��	EPFT�OPU�FYJTU

4VHHFTUFE� UFYU�� *G� UIFSF� BSF� OP� GVSUIFS� NFBTVSFT� UP� LFFQ� B� TZTUFN� BMJWF� JU� TIPVME� BMTP� CF
QPTTJCMF� UP� QSJOU� PVU� UIF� EBUB� PG� BO� PME� SFUJSFE� TZTUFN� BOE� UP� BSDIJWF� UIF� QBQFS� EVSJOH
SFUFOUJPO�UJNF��"MUFSOBUJWFMZ�UIFTF�SFDPSET�DPVME�BMTP�CF�QSJOUFE�BT���1%'�GJMFT�
3FBTPO��4PNFUJNFT�UIFSF�JT�UFDIOJDBMMZ�OP�PUIFS�TPMVUJPO�UIBU�NBLFT�BOZ�TFOTF
$PNNFOU�� 5IFSF� TIPVME� BMXBZT� FYJTU� UIJT� GJOBM� PQUJPO
� JG� UIF� SFTQPOTJCMF� EFQBSUNFOUT
JODMVEJOH�2"�BHSFF� UIBU� UIJT� JT� UIF�XBZ� UP�HP��&YBNQMF��"GUFS� UIF� FBSUIRVBLF� JO�,PCF� ����
	+BQBO
�BMM�UIF�EBUB�JO�B�QIBSNBDFVUJDBM�QMBOU�XBT�EFTUSPZFE��0OMZ�UIF�QBQFS�SFNBJOFE��6OEFS
UIJT�DJSDVNTUBODFT�NBOBHFNFOU�IBT�EFDJEFE�UIBU�UIF�FMFDUSPOJD�EBUB�XBT�OPU�SFTUPSFE�

:PVST�TJODFSFMZ
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